Abstract-Usually the analytical approach for modeling CMUTs uses the single layer plate equation to obtain the deflection and does not take anisotropy and residual stress into account. A highly accurate model is developed for analytical characterization of CMUTs taking an arbitrary number of layers and residual stress into account. Based on the stress-strain relation of each layer and balancing stress resultants and bending moments, a general multilayered anisotropic plate equation is developed for plates with an arbitrary number of layers. The exact deflection profile is calculated for a circular clamped plate of anisotropic materials with residual bi-axial stress. From the deflection shape the critical stress for buckling is calculated and by using the Rayleigh-Ritz method the natural frequency is estimated.
I. INTRODUCTION
Modeling of capacitive micromachined ultrasonic transducers (CMUTs) is of great importance during the design process. The deflection w(r) influences several basic properties of a CMUT like the capacitance and the pull-in voltage. Usually the analytical approach uses the single layer plate equation to obtain the deflection [1] and does not take anisotropy and initial stress into account. This plate equation is known as the Kirchhoff-Love theory of plates and it is given by 
where q is the pressure difference across the plate, and D i is the isotropic flexural rigidity, given by
where E is Young's modulus, ν is Poisson's ratio, and h is the thickness of the plate. There are two commonly used fabrication processes for CMUTs. One is based on a sacrificial release process and the other employs a wafer bonding approach. Both processes have in common that the final plate often is composed of multiple layers of either isotropic or anisotropic materials with different stiffness parameters, and some of the layers may even have a residual stress. The objective of this paper is to develop an analytical model to describe such multilayered CMUTs.
II. METHODS
The analytical calculation is carried out in Mathematica 9, and is compared to a finite element method (FEM) calculation performed in COMSOL 4.3b with a full stiffness tensor describing each material. A circular plate of (100) silicon and with isotropic aluminum/SiO 2 on top was modeled. The stress in the layers are modeled in COMSOL as a bi-axial stress. The multilayered plate is meshed in FEM with a triangular mesh on the top surface and the mesh was repeated seven times through the plate, since the simulations were found to converge at this point. The mesh through the plate was set to adapt to the thickness of the different layers, so the mesh height was the same for each mesh layer, and independent of the material layer thickness.
III. THE MULTILAYERED PLATE EQUATION
If we consider a thin plate composed of n layers as shown in Figure 1 , where each layer is anisotropic, and we assume plane stress so the stiffness tensor can be reduced to a 3 × 3 matrix [2] , then the stress-strain relation for the k'th layer can be written as
where the effective stiffness matrix from the reduced compliance matrix is defined as C eff = (S red ) −1 .
Following the derivation by Dong et al. [3] the bending moments, M, and the stress resultants, N, can be calculated
where 0 is the surface strain, γ = 
Then by combining the bending moments and the stress resultants from (4), the surface strains can be eliminated, and the bending moments can be written as
where C = BA −1 . Considering the bending moment and stress resultant balances, the equation of equilibrium for a plate is [4] 
If we insert the bending moments (8) into the above equation, we can write
which is the generalized multilayered plate equation. The flexural rigidity, D a , and the plate equation constants, k n are listed in Table I .
IV. CIRCULAR PLATES
For a circular plate an exact solution to the plate equation (10) can be found. Due to the symmetry of a circular plate, we have that
If we assume that the stress in the layers is uniform biaxial stress, which is a valid assumption for thin layers, we have that N 1 = N 2 = N and N 6 = 0. By utilizing the symmetry of a circular plate and the uniform biaxial stress, we can write the multilayered plate equation on a simple form
where D eff is the effective flexural rigidity and N is the stress resultant
and σ 0,k is the residual stress in the k'th layer. If we consider a clamped plate, the multilayered plate equation has two solutions depending on the sign of the stress resultant. The plate is said to be in a compressive state if the stress resultant is negative, N = −N c , and in a tensile state if the stress resultant is positive, N = N t . The compressive and the tensile solutions are denoted w c and w t , respectively and is
where J n (x) is the Bessel function of first kind and I n (x) is the modified Bessel function of first kind. For both solutions, it is observed that if the stiffness or the stress resultant is neglected, the solution will behave as the well known solutions to a membrane or a pure plate, respectively [5] .
A. Normalized deflection
The deflection can be normalized to the center deflection of a plate without stress. If we now define two new variables, one for the compressive state, χ c , and one for the tensile state, χ t , which is defined as
we can write the normalized deflections as Figure 2 shows the normalized center deflection of a circular plate normalized to the center deflection at χ = 0. The data points represent the FEM calculations. Negative values of χ correspond to center deflections in the compressive state, χ c and positives values correspond to center deflections in the tensile state, χ t . An excellent agreement between the analytical and the FEM calculations is seen for both the compressive and the tensile state, and with a relative difference less than 1.6%. 
B. Buckling
In the compressive state, when the stress resultant becomes too big, buckling will occur. By examination of the normalized deflection shape in the compressive state (16), we see that the first buckling mode will occur at the first root of the Bessel function of first kind of first order
The first root is found at χ c = 3.8317 and the critical stress resultant, N crit , is then found as
In the special case where we have the same amount of stress in all layers, we have that N crit = hσ crit where h is the total thickness of the plate and σ crit is the critical buckling stress for the plate. The flexural rigidity of a plate is proportional to h 3 , hence we can write the critical stress as calculations is seen with a relative difference of less than 1.7% for aspect ratios greater than 10.
C. Natural frequency
The natural frequency of the plate can be estimated using the Rayleigh-Ritz method [5] . One of the strengths of the Rayleigh-Ritz method is that an approximate deflection shape results in an accurate result. Due to this, the deflection shape will be approximated with the shape of the plate without stress. This results in a simple calculated natural frequency
where ρ k is the mass density of material. The estimated natural frequency is always higher than the exact value, since the plate has been arbitrarily stiffened by the assumption of a modal shape, which increases the natural frequency. Figure 4 shows the natural frequency normalized to the natural frequency with a zero stress resultant, N = 0. The normalized natural frequency is reduced to 
A linear relation between the stress resultant and the normalized natural frequency is seen, which is in excellent agreement with the FEM calculations, with relative differences between the calculation of less than 2.5%. 
V. CMUT EXAMPLES
We now investigate the behavior of real CMUT devices composed of two layers, one of anisotropic silicon and the other of an isotropic material. The radius of the plate is a = 30 µm. The total thickness of the plate is h = h 2 = 2 µm and the thickness of the top layer is h 1 . From the layer thicknesses we can define the layer thickness ratio, α, as the thickness ratio between the top layer and the full plate thickness as
.
The analytical model is compared to the FEM model by varying the layer thickness ratio from 0 to 1, with the endpoints corresponding to a pure silicon plate and a pure aluminum/SiO 2 plate, respectively.
Center deflection calculations are made for a plate with a top layer of aluminum having a bi-axial stress incorporated with different values. We have measured the stress in the aluminum to ∼ −80 MPa, and the other stresses is for illustration of the model. In Figure 5 , results of the calculation are shown, the lines represents the analytical calculations, the circles the FEM model, and the colors represent different stresses. A good agreement between the calculations are observed with a relative difference of less than 1% for all of the calculations.
A insulating layer of SiO 2 is often used for CMUTs to avoid short circuiting of the electrodes, but SiO 2 has the disadvantage that it has a compressive stress of ∼ 300 MPa, which sets a limit for the radius of the plate if buckling is to be avoided. In Figure 6 the maximum radius of the plate as function of the layer thickness ratio is plotted. A good agreement between the two calculations are seen with a relative difference of less than 1%.
VI. CONCLUSION
We have presented an analytical model for modeling of CMUTs with an arbitrary number of anisotropic layers with incorporated stress. The multilayered plate equation has been developed and by solving the plate equation the exact deflection profile has been calculated for circular plates. From the deflection profile the buckling limit can be established. The natural frequency has been calculated using RayleighRitz method using the multilayered plate equation and an approximate deflection profile. To support the results, the model has been compared to a FEM model, and an excellent agreement between the two models is seen with a relative difference of less than 2.5% for all calculations.
